In this paper we discuss asymptotic behaviour of trajectories for dynamical systems generated by continuous almost contractive singlevalued mappings defined in a metric space. In particular, we prove bishadowing with respect to continuous comparison mappings for these systems under various conditions. We illustrate the results by giving some examples of subclasses that include Kannan mappings, Chatterjea mappings and Reich mappings.
Introduction
Asymptotic properties of a discrete dynamical system on an infinite-time interval have usually been studied by means of its attractors, in which case it is required to perform a simulation of the attractors via arithmetic means especially for systems with complicated behaviour such as chaotic systems. Consequently, pseudo-trajectories (or approximated trajectories) are now present, and the resultant behaviour reflects only the behaviour of the approximated system. Therefore, the question about the existence of a true trajectory near a pseudo-trajectory is now naturally raised and strongly considered. It turns out that the best way to deal with these ideas is by means of the property of (direct) shadowing. In fact, the concept of shadowing plays an important role in understanding the asymptotic behaviour of dynamical systems. It goes back to the work of Anosov [3] and Bowen [8] and now has been well studied by many authors, see for example [11, 12, 14, 15, 17, 18, 20] and the references therein.
The inverse idea is important too, that is, whether every true trajectory of the system can be approximated by a pseudotrajectory with specific properties. In practice, these pseudotrajectories are taken from a pre-assigned class of trajectories generated by continuous mappings. This is the so called inverse shadowing; it was introduced by Pilyugin and Corless in [18] and by Kloeden and Ombach in [13] using the concept of δ-method. A combination of both, shadowing and inverse shadowing is called bi-shadowing and was introduced by Diamond et. al. in [11] , see also [12] . Bi-shadowing was considered in the case of finite-dimensional systems in [12] and in the case of infinite dimensional systems in [2] . Bi-shadowing was also considered for set-valued dynamical systems in a metric space with an application to Iterated Function Systems, see [1] .
In this paper, we shall consider the class of almost contractive single-valued mappings defined in a metric space X. It was introduced in [6] in the context of studying the approximate fixed point property. Among other properties that are satisfied by the class of almost contractive mappings are the asymptotic regularity and the approximate fixed point property, see [5, 6, 7, 10, 16, 19] . Moreover, almost contractions possess a fixed point in a complete metric space X and the uniqueness of the fixed point is obtained by imposing on f more contraction conditions, see [6] . Some examples of almost contractive mappings were given in [5, 6, 7] . Subclasses of almost contractive type mappings that will be considered in this paper include: Kannan mappings, Chatterjea mappings and Reich mappings.
In Section 2, we give some definitions and preliminaries needed throughout the paper. The result of bi-shadowing for contracive mappings and for almost contractive mappings will be given in Section 3. While that of bi-shadowing for the subclasses consisting of Kannan mappings, Chatterjea mappings and Reich mappings will be considered in Section 4.
Definitions and Preliminaries
Let f : X → X be a mapping defined on a metric space (X, d) and consider the dynamical system on X generated by the iterations of f , i. e. f 0 = id X and
We shall identify the mapping f with the corresponding dynamical system.
Let X be a metric space with metric d. A mapping f : X → X is called q-contraction, or a contraction, if there exists a constant 0 < q < 1 such that
The mapping f is called (λ, L)-contraction or almost contraction, sometimes 'weak contraction' is used, if there exist constants 0 ≤ λ < 1 and L ≥ 0 such that
for all x, y ∈ X.
Almost contractive mappings are more general than contractions as every qcontractive mapping is almost contraction with λ = q and L = 0. We now give the definition of bi-shadowing in the context of a general metric space, see also [11, 12] . Definition 2.1 A continuous mapping f : X → X is called bi-shadowing with respect to a comparison class of mappings C(X) consisting of continuous mappings on X and with positive parameters α and β if for any given γ-pseudotrajectory {y n } ∞ n=0 of f with 0 ≤ γ ≤ β and any ϕ ∈ C(X) satisfying γ + sup
there exists a true trajectory
The Main Results
In this section we state and proof the main results of the paper about bishadowing contractions and almost contractions.
Theorem 3.1 Let (X, d) be a metric space and f : X → X a λ-contractive mapping on X, that is, there exist a constant 0 < λ < 1 such that
Then f is bi-shadowing on X with respect to the comparison class C(X) and with positive parameters α and β given by
and let g : X → X be any continuous mapping such that
Consider a true trajectory {x n } ∞ n=0 for the mapping g such that x n+1 = g(x n ) for n = 0, 1, 2, · · · , and satisfying the relation
For n = 1 we have the estimate:
For n = 2 we have:
For n = 3 we have the estimate:
In general, we obtain
Since λ < 1 and using the conditions (3.4) and (3.5) we have
This ends the proof of the theorem. We now generalise the result in the preceding theorem for continuous almost contractive mappings. So, we have the following result: Theorem 3.2 Let (X, d) be a metric space and f : X → X a continuous almost contractive mapping, that is there exist constants 0 < λ < 1 and L ≥ 0 such that
Assume that λ + L < 1, and that f satisfying the following two conditions:
i) For every γ-pseudo-trajectory {z n } ∞ n=0 ⊆ X of f with γ < (1 − λ − L)/2, the following series is convergent:
ii) For every continuous mapping g :
, the following inequality is satisfied:
Then f is bi-shadowing on X with respect to the class C(X) and with parameters α and β given by
Let also g : X → X be any continuous mapping such that
It follows that
We consider the true trajectory {w n } ∞ n=0 for the mapping g such that w n+1 = g(w n ) for n = 0, 1, 2, ... and such that the relation (2.3) is satisfied. We use (3.6) to choose w 0 with the following property:
For the case n = 1 we have:
For the case n = 2 we have:
Similarly, for n = 3 we have the estimate:
.
Note that, if we write
a k b n−k−1 then Theorem 8.46 in [4] implies that the series
c n is convergent and
. Therefore, by the conditions (3.7) and (3.8) and since λ + L < 1 we have
This ends the proof of the theorem.
Some Examples
In this section, we consider Kannan mappings, Chatterjea mappings and Reich mappings as examples of subclasses of almost contractive mappings and show bi-shadowing for these mappings.
(a) Kannan and Chatterjea mappings
A mapping f : X → X is called Kannan mapping if there exists a constant 0 < a < 1/2 such that
The mapping f is called Chatterjea mapping if there exists a constant 0 < c < 1/2 such that
Note that the contraction conditions (4.9) and (4.10) are independent. It was shown in [6] that Kannan mappings and Chatterjea mappings are almost contractions. Theorem 4.2 Let a continuous mapping f : X → X be Kannan mapping such that the conditions i) and ii) of Theorem 3.2 are satisfied. Then f is bi-shadowing on X with respect to the class C(X) provided that a < 1/4 and with parameters α and β given by:
Proof: If f is continuous Kannan mapping satisfying the conditions i) and ii) of Theorem 3.2 and since by Theorem 4.1 a Kannan mapping is almost contraction then Theorem 3.2 implies that f is bi-shadowing on X provided that
that is a < 1/4. Moreover, the values of α and β in (4.13) are obtained by substituting the values of λ and L of (4.11) in (3.7). The theorem is proved.
Since a Chatterjea mapping is almost contraction, similar argument can be used to prove the following result. 
(b) Reich mappings
We now consider the Reich contractive type mappings as a subclass of almost contractive mappings, see [19] . Proof: Let f : X → X be continuous Reich mapping with constants a, b, c ≥ 0 such that a + b + c < 1. It follows by Theorem 4.5 that f is a almost contraction with constants λ and L given in (4.14). Thus Theorem 3.2 implies that f is bi-shadowing on X with respect to the class C(X) provided that
that is a + 2b + 2c < 1. The values of α and β in (4.15) can be obtained easily by substituting the values of λ and L of (4.14) in (3.7). This ends the proof of the theorem.
